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In a recent letter we show that for an isolated system with a non symmetric energy momentum
tensor the usual forms of the center of mass motion theorem are not valid. This was illustrated
with a particular configuration of a magnet and a point charge for which it was shown that what is
usually regarded as the center of mass of the system does not remain stationary even if the system
is isolated. In a subsequent work we demonstrated that the violation of the center of mass motion
theorem for isolated systems with spin is a direct consequence of the conservation of total angular
momentum. We also show that there exists a generalized center of mass and spin which moves
with constant velocity. In this letter we show that this center of mass and spin corresponds to the
center of mass defined by the Belinfante-Rosenfeld tensor. We also show that, if the spin density
instead of being of microscopic origin appears by a scaling process, the macroscopic Belinfante-
Rosenfeld tensor emerges from the average of the microscopic energy-momentum tensor as the true
macroscopic energy momentum tensor. This implies that in general spin has to be considered as a
source of the gravitational field in general relativity.
PACS numbers: 45.20.df
INTRODUCTION
There has been always some ambiguity in the litera-
ture when referring to the energy momentum tensor of a
relativistic system. In general relativity it is the source
of Einstein’s equations necessarily a symmetric tensor
which bears this name. In the Lagrangian field theo-
retical set up one finds the canonical energy-momentum
tensor which emerges from Noethers’s theorem and the
symmetric Belinfante-Rosenfeld [1, 2] tensor which is a
combination of the canonical tensor and the derivatives of
the spin density. Finally for an interacting field-matter-
energy system there should exist what could be named
the kinetic energy-momentum tensor which accounts for
the energy and momentum exchange determined by the
density of force acting upon it. This object is not neces-
sarily equal to any of the two above even if a Lagrangian
description is available. Although most of the ambiguity
is a matter of words and the true meaning of the energy-
momentum tensor being used is almost always fixed by
the context some confusion found its way in a particular
aspect of the description of relativistic systems, the so
called center of mass motion theorem (CMMT). In non
relativistic mechanics this theorem states that the center
of mass of an isolated system moves with constant veloc-
ity and is a consequence of Newton’s third law. In rela-
tivistic physics a CMMT theorem may be derived from
the conservation of orbital angular momentum but re-
quires the energy momentum tensor to be symmetric. It
comes in two versions. The first (CMMT-1) states that
the center of mass of an isolated system moves with con-
stant velocity. The second (CMMT-2) states that the
total momentum of an isolated system equals the mass
(energy divided by c2) times the velocity of the center of
mass. The second version implies the first.
In a recent letter [3] we made the simple observa-
tion that when the energy-momentum tensor is non-
symmetric none of these forms of the theorem hold. In-
stead a third version (CMMT-3) of the theorem which
relates the energy current to the velocity of the center of
mass is shown to be valid for any isolated system. Defin-
ing the center of mass by
X iT =
1
U
∫
xiT 00 dV . (1)
with U =
∫
T 00 dV , the CMMT-3 states that,
X˙ iT =
c
U
∫
T 0i dV . (2)
Note that what appears in (2) is the energy current den-
sity, not the momentum density c−1T i0. In the same
paper we show how Maxwell equations and the use of
Lorentz force determine the violation of CMMT-1 and
CMMT-2 in a particular charge-magnet system. This
allows us to infer that the energy momentum tensor of
this system should be non-symmetric. In fact in [4] we
deduce the appropriate non-symmetric kinetic energy-
momentum tensor for the electromagnetic field in matter
exploiting the consistency of the macroscopic Maxwell
equations and the Lorentz force. The correct form of
the macroscopic Lorentz force and of the electromagnetic
kinetic energy-momentum was also corroborated by an
independent computation taking the averages over the
microscopic equations in Ref.[5]. The obtained energy-
momentum tensor coincides neither with Abraham’s [6]
2nor with Minkowski’s [7] expressions but vindicates the
density of momentum of the electromagnetic field in mat-
ter proposed by Minkowski as the one which assures mo-
mentum conservation.
The violation of the CMMT has important implica-
tions to the fundamental structure of relativistic mechan-
ics. The inertial reference frames necessary to discuss the
inertia principle are defined as those for which isolated
systems satisfy the CMMT. To rescue the inertia prin-
ciple, one has either to restrict the category of systems
used to define the inertial reference frames or one has to
find a substitute to the CMMT. With this in mind, in
Ref. [8] we show that the possible violation of CMMT in
systems with spin is consequence of the conservation of
total angular momentum. To prove this we show that it is
a generalized quantity that we call the center of mass and
spin that moves with constant velocity. Below we show
that the center of mass and spin corresponds to the cen-
ter of mass defined in terms of the Belinfante-Rosenfeld
tensor.
The Belinfante-Rosenfeld tensor is a combination of
the energy momentum tensor and the derivatives of the
spin density tensor. For relativistic isolated systems it
is symmetric and conserved. It was invoked, first by
Coleman and van Vleck [11] and then by many others to
claim that a symmetric energy momentum tensor is al-
ways available. The conviction that a symmetric energy
momentum tensor is always available lead Shockley and
James [9, 10] to try to compensate the evidence of the
violation of CMMT-1 and CMMT-2 in Maxwell-Lorentz
electromagnetism by proposing the hidden momentum
hypothesis. For the same reasons other authors engaged
in a search for alternatives to the Lorentz force density
[10]. Both options depart from established physics. On
the other hand it straightforward to see that the center
of mass like object defined with the Belinfante-Rosenfeld
tensor satisfies CMMT-1 and CMMT-2. How could this
be made consistent with the results mentioned above
which exhibit a system with a non inertial center of mass?
Here is where the ambiguity mentioned at the beginning
enters again. The very simple answer which has been in
the light spot but unnoticed for more than 70 years is that
the center of mass defined with the true kinetic energy-
momentum tensor or with the Belinfante-Rosenfeld ten-
sor are not the same object. The object defined with
the Belinfante-Rosenfeld tensor includes a contribution
of the spin density which has to be taken into account
in the dynamics. As shown below it corresponds to the
center of mass and spin defined in [8]. The objective of
this letter is to clarify this point and discuss how spin
enters in this improved Center of Mass and Spin Motion
Theorem (CMSMT).
BELINFANTE-ROSENFELD CONSTRUCTION
Consider a relativistic isolated system described by
a non-symmetric energy momentum tensor T µν which
is conserved ∂νT
µν = 0 and a spin current density
Sµνα = −Sνµα. The orbital angular momentum cur-
rent is defined by Lµνα = xµT να − xνT µα. The to-
tal angular momentum current Jµνα = Lµνα + Sµνα
satisfy, ∂αJ
µνα = 0 so that the total angular momen-
tum Jµν = Lµν + Sµν with Lµν = c−1
∫
Lµν0dV and
Sµν = c−1
∫
Sµν0dV is conserved.
d
dt
Jµν =
d
dt
(Lµν + Sµν) = 0 (3)
Then we have the equations
∂αL
µνα = T νµ − T µν . (4)
and
∂αS
µνα = −T νµ + T µν . (5)
This equations hold when dealing with canonical objects
obtained via Noether’s theorem from a Lagrangian but
also when working with the kinetic objects associated to
a matter distribution [12, 13]. Defining
Kµνα =
1
2
[Sµαν + Sναµ − Sµνα] (6)
the Belinfante-Rosenfeld tensor is given by
Θµν = T µν +Kµν , Kµν = ∂αK
µνα (7)
The Belinfante-Rosenfeld tensor is symmetric and con-
served, ∂νΘ
µν = 0. Moreover the conserved charges com-
puted with this tensor are equal to the four momentum
of the system,
1
c
∫
Θµ0dV =
1
c
∫
T µ0 dV = Pµ (8)
so that in particular the total energy is U =
∫
Θ00 dV .
The total angular momentum may be written in the form
Jµν = c−1
∫
Jµν0 dV = c−1
∫
(xµΘν0−xνΘµ0) dV. (9)
The meaning of this equation is only that the spin is
incorporated to the modified orbital angular computed
with the Belinfante-Rosenfeld tensor.
THE CMSMT THEOREM
Let us define the quantity corresponding to (1) using
Belinfante-Rosenfeld tensor Θµν and name it the center
of mass and spin,
X iΘ =
1
U
∫
xiΘ00 dV . (10)
3Then it is straightforward to show [3] that
X˙ iΘ =
c
U
∫
Θ0i dV =
c2P i
U
, (11)
which resembles the usual center of mass motion theorem.
But writing,
X iS =
1
U
∫
xi∂αK
00α dV = −
c
U
S0i (12)
we have
X iΘ = X
i
T +X
i
S . (13)
which shows that in (11) there is a term which is not
related to mass, energy or momentum but only to spin.
As mentioned, (13) is the center of mass and spin defined
in [8]. The fact that XΘ is indeed inertial follows directly
from the conservation of the total angular momentum[8].
To see this we note that using (3),
d
dt
X iS =
c
U
d
dt
L0i =
1
U
d
dt
∫ [
x0T i0 − xiT 00
]
dv
=
c2P i
U
−
d
dt
X iT . (14)
If the spin current density Sµνα considered above
comes from the quantum mechanical spin of the atoms
and particles in the matter distribution, the energy-
momentum tensor which describes the dynamics at the
scale where Sµνα is relevant would be non-symmetric
[3, 12] . This is the case for the system considered in
[3] formed by a toroidal magnet with a charge in its cen-
ter initially at rest. The spin density in this situation
has contributions from the magnetization and from the
electromagnetic field. When the magnet is heated and
the magnetization disappears Maxwell equations impose
that X iT is not stationary [3]. But X
i
Θ remains at rest.
The field carries away the energy like contribution de-
fined through Kµν in (7) and (10) and X iS moves in the
opposite direction that X iT . The actual spin dynamics of
this system is complicated and the spin densities have to
be defined and worked with much care, but the general
results (11),(13) are independent of the details.
It is interesting to note that the lack of symmetry of
the kinetic energy-momentum tensor is another way to
display the quantum nature of magnetism. If one tries to
represent the magnetic moments with microscopic cur-
rents, for the whole description it would be necessary to
consider also the stresses on the conductors and then, and
one ends up with a symmetric total energy-momentum
tensor. It is necessary to introduce a true spin density to
have a non-symmetric energy momentum tensor at the
microscopic scale.
SPIN FROM AVERAGE
To complete the picture let us see what happens if
the spin density is not fundamental but comes from av-
eraging in space at some scale. We have in mind for
example an application to general relativity where the
rotational energy of compact objects or galaxies [13] is
to be included. Consider a system with a conserved sym-
metric microscopic energy-momentum tensor T µνmic and a
conserved total orbital angular momentum Jµνα corre-
sponding to a situation in which there is no microscopic
spin,
J
µνα
mic = x
µT ναmic − x
νT
µα
mic . (15)
We want the spin density emerge from an average process
at some scale so we divide the energy-momentum tensor
in two portions not necessarily symmetric T µνM and T
µν
R ,
with the latter corresponding to the rotational energy at
that scale
T
µν
mic = T
µν
M + T
µν
R . (16)
Since T µνmic is symmetric we have
T
µν
M − T
νµ
M = −(T
µν
R − T
νµ
R ) (17)
The microscopic angular momentum divides also in two
portions
J
µνα
mic = L
µνα
mic = L
µνα
M + L
µνα
R , (18)
which are given by
L
µνα
M = x
µT ναM − x
νT
µα
M . (19)
and
L
µνα
R = x
µT ναR − x
νT
µα
R . (20)
To define macroscopic quantities we take averages over
small regions of space-time in the form,
〈A(x)〉 =
∫
A(x′)W (x − x′) dx′ , (21)
where W (x) is a smooth function that is essentially con-
stant inside a region of size R and that vanishes outside
W (x) ≥ 0 , |xµ|〉R =⇒W (x) = 0 ,∫
W (x) dx = 1 . (22)
Inside the region W (x) ≈ 〈W 〉.
At the scale R the microscopic fluctuations are washed
out, and therefore all the products of averages and fluc-
tuations are negligible. That is, if δA = A − 〈A〉 then
〈〈B〉δA〉 ≈ 0 and also 〈〈B〉〉 ≈ 〈B〉. With these condi-
tions it follows that ∂ν〈A〉 = 〈∂νA〉.
In particular we define the macroscopic energy momen-
tum tensor
T¯ µν = 〈T µνM 〉. (23)
4which we suppose remains conserved ∂ν T¯
µν = 0. We can
write for the averaged energy-momentum
〈T µνmic〉 = T¯
µν + 〈T µνR 〉 . (24)
Since 〈T µνmic〉 is conserved it follows that 〈T
µν
R 〉 is also
conserved.
The averaged total angular momentum should be equal
to the sum of the macroscopic orbital angular momentum
L¯µνα = xµT¯ να − xµT¯ µα and the emerging spin,
J¯µνα = 〈Jµναmic 〉 = L¯
µνα + S¯µνα (25)
and being a conserved quantity is necessary that,
∂αL¯
µνα = T¯ νµ − T¯ µν = −∂αS¯
µνα (26)
On the other hand we have
〈Jµναmic 〉 = 〈L
µνα
M 〉+ 〈L
µνα
R 〉 (27)
Writing,
〈LµναM 〉 = L¯
µνα + δLµναM (28)
it should be that the spin density is given by
S¯µνα = 〈LµναR 〉+ δL
µνα
M (29)
The true energy momentum distribution of the system at
the macroscopic scale is given by 〈T µνmic〉 which is a sym-
metric tensor and should be equal to the macroscopic
Belinfante-Rosenfeld tensor which is the available sym-
metric object. In terms of the macroscopic quantities,
〈T µνmic〉 = T¯
µν + K¯µν (30)
with
K¯µν =
1
2
∂α[S¯
µαν + S¯ναµ − S¯µνα] (31)
Then it is necessary that
K¯µν = 〈T µνR 〉 (32)
Equations (25), (29) and (32) define the the macroscopic
spin density. The Belinfante-Rosenfeld tensor in this case
is the true energy momentum tensor. Here spin is just
another way of referring to the microscopic orbital angu-
lar momentum. From the point of view of CMSMT this
is necessary. The inertial center of mass described by
T
µν
mic should be related after the averaging process with
an inertial object which can be no other than the center
of mass and spin defined by the macroscopic Belinfante-
Rosenfeld tensor.
CONCLUSION
In this letter we show how taking at face value the
meaning of Belinfante-Rosenfeld tensor one is led to the
striking prediction that it is the space-time evolution of
the spin density that restores the Newtonian inertial prin-
ciple which, nevertheless requires the generalized notion
of center of mass and spin. This gives an interesting shift
to the discussion presented in [3] which solved some in-
consistencies in classical electrodynamics which troubled
physicists for many years but affects the inertia princi-
ple. From the discussion presented here is clear that the
inertial reference frames should be defined as those for
which isolated systems satisfy the CMSMT. In particu-
lar the result in this letter presents a further argument
to abandon the hidden-momentum hypothesis that in the
last decades has been discussed in order to explain the
failure of the CMMT in some electromagnetic systems.
In fact it highlights exactly where the analysis which led
to that hypothesis went wrong and why.
The CMSMT presented above should be a stimulus
to retake the investigation on the dynamics of spin in
this context. Since the early remarks of Gordon [14],
the kinematic implications of spin in field theory have
been present in the work of many people. But a detailed
account of how spin is exchanged between for example,
the electromagnetic field and a material media is still
lacking. In a treatment of this problem the distinction
between the canonical and the kinematic spin density for
the electromagnetic field will be specially relevant.
The kinematical implications of a space traveling spin
density have a potential impact in particle physics where
additional restrictions imposed by the movement of the
center of mass and spin may in principle appear on the
trajectories of the particles after a collision, on top of
momentum and angular momentum conservation. This
may be relevant in the analysis of collisions of polarized
particles or for understanding better the contributions of
the quark-gluon sea for the spin of hadrons.
We also show by an explicit computation, that if
instead of being of microscopic origin, the spin den-
sity appears by a scaling process, it is the macroscopic
Belinfante-Rosenfeld tensor which emerges from the av-
erage of the microscopic energy-momentum tensor. This
result gives an interesting clue on why, as is well known
[2], in the flat space-time limit the source of Einstein
equations coupled to a field theory is not the energy-
momentum tensor but the Belinfante-Rosenfeld tensor.
An unavoidable consequence of the discussion is to note
that, besides energy and momentum also spin is a source
of the gravitational field. Pursuing this reasoning may
be of interest not only to discuss compact systems, like
a magnetized neutron star but principally to work out
its consequences in cosmological models where the spin
density may take care of part of the dark matter[13].
5We hope that the analysis presented in this letter could
also have a pedagogical impact in promoting to make a
better distinction of the roles of the different objects be-
ing called energy-momentum tensor in the literature and
to disclose its relations. Whenever only global quanti-
ties as the momentum or the energy are involved it is
true that the Belinfante-Rosenfeld tensor may be used
instead of the kinetic energy-momentum tensor (or the
canonical energy momentum tensor in the quantum the-
ory). But when the local dynamics is relevant or even
when it is necessary to discern between spin an orbital
angular momentum this is not longer true.
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